Given a subset S of Z and a sequence I = (ln)n~=l of intervals of increasing length contained in Z, let b(E n (E + ~) n... n (E +k~,)) >0.
Suppose X is a set, fl is a or-algebra of its subsets,/x is a measure defined on this o--algebra and T is a map from X to itself that is/x measurable and/x measure preserving. We call the quadruple (X, fl,/z, T) a dynamical system. We say a sequence of natural numbers k = (kn)n~_l is good if given any dynamical system These are precisely the sequence of integers for which, if the corresponding pointwise ergodic theorem is true, its limit must be E r (f)(x) almost everywhere.
We will say that a sequence &natural numbers k = (kn)~_ 1 is multiply intersecn've if, given any subset E of the natural numbers of positive Banach density, there exists another subset R of Z with d(R) existing and not less than b(E) such that for each finite subset {hi ..... nr} of R we have
We say that k is intersective if given any subset E of Z of positive Banach density there exists k in k such that
The interest in intersective sets dates from the 1970s, and immediately postdates Furstenberg's famous ergodic theoretic proof of Szemeredi's theorem [4] . A number of authors [4, 6, 13] showed by strikingly diverse arithmetic and analytic means that special arithmetic sequences like the squares (kr =-r2)~=l are intersective.
In [2] it is shown that a sequence of integers being intersective is equivalent to it having the Poincar6 recurrence property. The relation of the intersectivity property of a sequence to other properties of an integer sequence is explored in [3] . The natural numbers are shown to be multiply intersective in [12] . See also [11, 1] for ergodic theoretic approaches to this theorem. New families of multiply intersective sequences are given in [9, 10] . As will be evident from the developments in this paper, a sequence k which is good is also multiply intersective. Suppose 0 = {On, n/> 1} denotes a sequence of N-valued independent, identically distributed random variables with basic probability space (S2, `4, P), with a P-complete o--field .4. We assume k is good and that there exist 0 < o~ < 1 and B > l / a , such that:
Then we say that (k, 0) is a goodpair. Our theorem is the following.
Theorem. Suppose that (k, O) is a good pair. Then for P-almost all (0i), given any set E contained in the natural numbers with b(E) > O, there exists a set R contained in the natural numbers with density d(R) existing and d(R) >/b(E), such that for any finite set {nl . . . . . nr} contained in R,
b(E n (E +~. 1 + 0nl)n . . . n ( E +~. r + 0.r)) >o.
P R O O F OF T H E O R E M
We proceed by a series of lemmas. Lemma 1 is taken from [14, Theorem 9, p. 454]. Consider a sequence 0:
01,02 . . . .
of Z-valued, independent random variables defined on a probability space (S2,/3, P), and satisfying
P{ki +Oi ~ 0} = 1, i = 1,2 . . . . .
Introduce the following sequence of random polynomials
Assume that the following condition, in which • : N -+ N is some increasing map, is satisfied:
Then, we have the following result Lemma 1. There exists a universal constant C such that
The next lemma is related to condition (2.1). 
N<M (M -N)I/2M a/2
But the increment bound in (2.3) expresses a condition under which Theorem 7 in [5] applies (the interested reader may also consult [ 15] where an approach based on the majorizing measure method and providing efficient bounds, has been recently developed). It therefore follows that, 
Proof.
We give a quick argument: Proof. Let S2* be the universal measurable set of unit mass associated to the pair (k, 0); S2* is the set {O < oo} where O is defined in (2.2) . Then, for any co 6 S2*, any dynamical system (X, B,/z, T), any f 6 L2(/x), (2.6)
Throughout the rest of the proof, we fix co EfY, and write more simply On instead of 0n(co). Let B s B with/x(B) > 0. Let also P(N) denote the collection of finite subsets of N. For any F ~ P(N), let
BF -= A Bkn+On, nEF
and let 
NF --= {X E X: [XBF(X)[

d(R) ~ I~(B).
We now prove that for each finite set F contained in R. First, observe that xo e B~ = AncF B~n' +o=" We claim that xo ¢ N. 
